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Classical simulation of quantum circuits

Classical simulation of large quantum circuits is exponentially slow in general,

but there are some exceptions:
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From qubits to fermions 2.

C4 code — A fermionic system that realizes a qubit (Abrikosov representation)

Fermions in a double quantum dot:

Basis: Qubit subspace (Q):
& {9),|9))%),|%)} {0, 19),1%), )%}

Fermionic operators: C4 code stabilizer:

CA”I 0> = %> &; %> = |%> Canonical anticommutation §C4 = —(1—2a,a,)(1 _2d£d2)
il %) = |%)  ab |%) =0 ; Wf;'é‘“"”* 9y €Q: Scalt) = |
> 45,0,y — 04k : .
&T %> -0 dT %> _ |%> ) AT AT Qubit states:
1 2 k=18, 0)=%) |1)=1%)
a|%) =0 &b |%) =0
| A A Paulioperators: 7 =1 —2ala, X = alas + abas




From fermions to Majoranas 3.

Majorana fermions:

¢ = i(ag — ald) o = a1 + @)
; , ”Real” fermions

¢s =i(ay — ay) Cqy = Qo + G4
C3
C1

Pauli operators:
C4 code stabilizer: More Pauli operators:
Z =itséy =1 2ajan — p& +HL . . Y
253 171 Pauli operators Scy = —1696364 ScaZ = i¢1¢4

: ; in the qubit subspace -



Fermionic Gaussian states and Fermionic Linear Optics 4,

ON
Definition: A pure fermionic state is Gaussian iff it is a ground state of a quadratic Hamiltonian. H = zz AjrCicy

3.k

Definition: FLO gates take Gaussian states to Gaussian states.

Gaussian states'-2:

1. Take a general quadratic Hamiltonian

2. Determine its ground state

3. Show that this state can be fully characterized by the covariance matrix

4. Show that every expectation value can be calculated efficiently from the covariance matrix

FLO Gatesl2:
1. Define the two types of FLO gates: Non-interacting time evolution, measurement of Majorana pairs
2. Show the covariance matrix transformations representing FLO gates.

A concrete example

[1] Bravyi, Sergey and Robert Konig. “Classical simulation of dissipative fermionic linear optics.” Quantum Inf. Comput. 12 (2011)
[2] Terhal, Barbara M., and David P. DiVincenzo. "Classical simulation of noninteracting-fermion quantum circuits." Physical Review A 65.3 (2002)



Pure Gaussian states 5.

Take a system with N fermionic modes (N/2 qubits 2N Majoranas)

General quadratic Hamiltonian:

2N

H= ?:ZAjk;éjék; (+const) 0 energy offset: A,;, =0
gk
Hi = H - A% = A, Agj = —Aji A s a real, antisymmetric matrix
[ 0
Theorem: 3! R € SO(2N) real, orthogonal matrix: R A éT = ED [—a Og"] ) a, €R
n=1 n
Introduce new Majorana fermions: Ground state:
(8 77NN n
é; = ZR]kék _mzcén—lcén‘GS> — ‘GS> vn
k
N N
=i bRk Rt Ay R Brnoio = 205" auny, 12 GSYGES| = =TT (1 + 2 idh, e
=1 klZ: Cj I IV Ay Lpym LlpoCo — 1Zan62n_162n - 2N ’an‘ZCQn—chn
J,K,t,1m,1,0 mn mn



Covariance matrix

Covariance matrix:

Mii([9)) = (¥lic;érly) — idsu

—a /| an|

N
> ﬁ%ﬁ G_D [an/|an| 0

If |1)) is Gaussian

Wick’s theorem:
i"(GS|ej,8,...65,. |GS) = PE(M(|GS))j, in....cion)

Expectation values can be expressed with the covariance matrix!

Example:

<GS’Cjékélém’GS> jlem — Mlekm + Mijkl



FLO gates

Definition: FLO gates take Gaussian states to Gaussian states.

1. Non-interacting time evolution

exp(—téj ék)

|GS)—— H

(Generally: exp(—t ij Hjicjck))

exp(—té;¢,)|GS) —— exp(—té;éy) H exp(té;éy)

Covariance matrix transformations:

M, = (GS| exp(té;éx )itytq exp(—té;éx)|GS) — idpg

r_
M, =

(GS|(1 + i¢563)iyq (1 + ié564,)|GS)

2(GS|(1 + i¢;¢1,)|GS)

2. Measurement of Majorana pairs

1 14 ié;é4

VD 2

p 2

Wick’s

— 8

theorem

B l—l—Mjk

GS)

=

Calculation of probabilities
+

Application of projectors

> M’ can be constructed from M



Algorithms for covariance matrix transformations

1. Non-interacting time evolution

exp(—0¢,¢,)

1

2. Measurement of Majorana pairs

1 + ié,é

VP

Cq
LD

Algorithm 1: Rotation (M,0,p,q)

Algorithm 2: Measurement (M,p,q)

M'[p,:] + M|p,:] cos(20) — M]q, :| sin(26)
M'lq,:] + M|q,:] cos(20) + M p, :] sin(20)
M'[:,p] + M|:, p| cos(20) — M]:, q] sin(20)
M'[:,q] <+ M][:, q| cos(20) + M]:, p] sin(20)
M'[p, p] <0

M'[q,q] <0

M'[p, q] +

M |p, q] cos?(20) — M |q, p] sin?(20)

M'[q, p] <

—M][p, q] cos®(20) + Mg, p] sin”(20)

return M’

probability < (1/2)(1 + M]p, q])
if p # 0 then

end

K < Mlp,:]

L+ Mlq,:|

M’ < M + (1/2p)(LKT — KLY)
M'[p, :]
M'lg, |
M'[:, p)
M'[:, q]
M'[p, q]

M'[q,p] +

+— 0
+— 0
+ 0
+— 0
+—1
—1

return (M’, probability)




XX measurement can be simulated with FLO gates

[4n) —

[14) @ |1p) is a Gaussian state

XX measurement is not an FLO gate

m,, can be sampled efficiently with Fermionic Linear Optics

» How to sample the measurement outcome?



Single qubit states are Gaussian

A A A

C4 stabilizer:  Sgoy = —&1C0b3¢4

The covariance matrix:

0

— cos(#)

| —sin(#) cos(¢)
M =1 Gin(0) sin(o)

Single qubit states:
) = cos(8/2)[0) + ™ sin(6/2)[1)

= exp ( - i¢ _ZW/Z Z) exp (z%f() 0)

»—7/2, 0
Ry R
FLO Gaussian
sin(f) cos(¢)  —sin(0) sin(¢) cos(6)
0 cos(f sin(#) sin(¢)
— cos(6) 0 sin(6) cos(¢)
—sin(f) sin(¢) —sin(f) cos(¢) 0

10.



Sampling the XX measurement 11.

c5 o
. J Sampling the measurement outcome of the XX measurement
can be done by measuring link-operators.
Measurement of link-operators:
écll éZ lA-zl — g ZA;Q — [
Pimg, =1)=Pli=1Alb=1)+ Pl =—-1ANly = —1)
2 S
LnLy = X°X P(mgy = 1) = P(ly =1 Aly = 1)+ P(ly = —1 Aly = 1)

[Va) = c0s(0a/2)[0) + €' sin(0/2)|1)
[y) = cos(0/2)|0) + €% sin(0y/2)|1)

P(my, = 1) = %(1 + sin(8,) sin(0y) cos(, ) cos())

Fermionic Linear Optics is useless in this case!

XX measurement can be sampled ~ (Mae = 1) = P(ma, = 1 Amg, = 1) + P(mg, = =1 Amg, = —1)
with individual X measurements P(myg, =—1)=P(my, =1 Amy, =—1)+ P(my, = -1 Amy,, =1)



Sampling XX and ZZ measurements 12.

[$a) —
I\/IXX
Ky —
mXX
Ly = iégéh
N b
C A C
2
) (% ) w ) A
AN 4 L
cf Ly =iegch &

Ya)
M M

XX 7z

V)

mXX mZZ

m,, and m,, can be sampled efficiently with
FLO, but NOT with single qubit measurements.

Measurement of 3 link-operators is enough:

e

(Mpe =1)=Pll1=1Nl=1)+ Pl =—-1ANIly =—-1)

(Mee =—1)=Pllu=1Nlc=—-1)4+P(l1 =—-1NIls=1)
Pim,,=1)=Plla=1ANIl3=1)4+P(ls=—-1ANIl3=-1)

(my,=—1)=Pla=1NIl3=—-1)+P(lo=—-1ANIl3=1)



Simulation of quantum error correction 13.

— Surface code layout
—1 ¥
X
] X r—
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* Noisy state preparation? Z

 Coherent Z errors? w 7
* Coherent Z errors in planar graphs? \ ;

e Coherent Z errors and readout errors3

[1] Bravyi, Sergey, et al. "Correcting coherent errors with surface codes." npj Quantum Information 4.1 (2018)

[2] Venn, F., and B. Béri. "Error-correction and noise-decoherence thresholds for coherent errors in planar-graph surface codes.
" Physical Review Research 2.4 (2020)

[3] Marton, Aron and Janos K. Asbéth. “Coherent errors and readout errors in the surface code.” Quantum (2023)



Classical simulation of quantum circuits:
1.
2.

Product states
Clifford simulations

Qubit Majorana mapping (C4 code)

Pure Gaussian states «—— Covariance matrix

FLO gates: - Free time evolution
- Measurement of Majorana pairs

Thank you for your attention!

Summary

|
|

Possible application:

Quantum error correction
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