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Quantum theory: linear or nonlinear?

1., Closed systems - unitary operators - linear evolution

2., Quantum channels - completely positive maps - linear evolution

If quantum states evolved nonlinearly

» then hard problems (NP complete)
would be easily solved (in polynomial time)
D. S. Abrams and S. Lloyd, Phys. Rev. Lett. 81, 3992 (1998)
» quick discrimination of nonorthogonal states - generic feature
A. M. Childs and J. Young, Phys. Rev. A, 93, 022314 (2016)
» BEC + nonlinear quantum walks
D. A. Meyer and T. G. Wong, New J. Phys. 15, 063014 (2013)
A. Alberti and S. Wimberger, Phys. Rev. A 96, 023620 (2017)
M. Maeda, H. Sasaki, E. Segawa, et al. Quantum. Inf. Process. 17, 215 (2018)
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Effective nonlinearity in quantum theory

PHYSICAL REVIEW A 89, 012312 (2014)

Quantum search with general nonlinearities

David A. Meyer”
Department of Mathematics, University of California, San Diego, La Jolla, California 92093-0112, USA

Thomas G. Wong’
Department of Physics, University of California, San Diego, La Jolla, California 92093-0354, USA
(Received 13 November 2013; published 14 January 2014)

Evolution by the Gross-Pitaevskii equation, which describes Bose-Einstein condensates under certain
conditions, solves the unstructured search problem more efficiently than does the Schrodinger equation, because
it includes a cubic nonlinearity, proportional to |1/|>1. This is not the only nonlinearity of the form f(|¥|*)¢
that arises in effective equations for the evolution of real quantum physical systems, however: The cubic-quintic
nonlinear Schrodinger equation describes light propagation in nonlinear Kerr media with defocusing corrections,
and the logarithmic nonlinear Schrodinger equation describes Bose liquids under certain conditions. Analysis of
computation with such systems yields some surprising results; for example, when time-measurement precision
is included in the resource accounting, searching a “database” when there is a single correct answer may be
easier than searching when there are multiple correct answers. In each of these cases the nonlinear equation is
an effective approximation to a multiparticle Schrodinger equation, for search by which Grover’s algorithm is
optimal. Thus our results lead to quantum information-theoretic bounds on the physical resources required for
these effective nonlinear theories to hold, asymptotically.
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Nonlinear transformations by selective evolution

3., Measurements

v/ projection (von Neumann)

v probabilistic (Born)

v information gained

== information feed-back, post-selection
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Quest for the most general quantum evolution

Linear maps

» Rules of standard, non-relativistic quantum mechanics
» Ancilla systems
» Many identical copies: ensemble
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Quest for the most general quantum evolution

Ancilla from the same ensemble
» Operation on n identical systems
— larger Hilbert space
» Measurement + post-selection on n — 1 systems

» Nonlinear evolution for the remaining system
— same Hilbert space
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Quest for the most general quantum evolution

Ancilla from the same ensemble
» Operation on n identical systems
— larger Hilbert space
» Measurement + post-selection on n — 1 systems
» Nonlinear evolution for the remaining system

— same Hilbert space
The resulting nonlinear map can be

» Deterministic
» Pure states — pure states
» Complex, deterministic chaos may emerge

T. Kiss, |. Jex, G. Alber, S. Vymétal, Phys. Rev. A 74, 040301(R) (2006).
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Quest for the most general quantum evolution

The resulting nonlinear map can be

» Deterministic
» Pure states — pure states
» Complex, deterministic chaos may emerge

T. Kiss, I. Jex, G. Alber, S. Vymétal, Phys. Rev. A 74, 040301(R) (2006).

Possibilities to explore

1. Pure or mixed initial states
2. Closed or open evolution
3. dmH =2,3,4,...,0

4/30



Preliminaries

» General single-qubit pure state:
ly) = N(al0)+b|1)) wherea,beC, N =1/+laf + b

» One can also write:

W) = Na (|0>+ g |1>) =L (0)+zl1)) where z€Cu=CUco

NITE

up to a global phase

» Visualization on complex plane < Bloch sphere (Riemann sphere)
10)

o)

stereographic projection
of the Bloch sphere onto
the complex plane

[1) 5/30



Basic scheme for a nonlinear state transformation

o)

Ucnor

o)

1)

lo

10)

AL,

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).
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Basic scheme for a nonlinear state transformation

o)

1
oy = 2220

(Z € Coo)

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).

[P™) = o) @ o) =

VISR o)

Ucnor

1)

o

10)

Ao,

1 7 —— (100) + z101) + 2|10} + 22 [11))
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Basic scheme for a nonlinear state transformation

o)
[o) = 0+
Y1+ o)
—
(Z € Coo)

Ucnor

1)

o

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).

10)

Ao,

. 1
[P™) = o) @ o) = g (100) +2101) +2[10) + 2]11))

||{;out>= Ucnot l\{,in>= 1

+ |z

3
! | (100) +2101) + z|11) + 2% |10))

1

6/30



Basic scheme for a nonlinear state transformation

o) 1)
0y +zID) o
[0y = U,
Ji+i? o) eNoT Ao
(z€ Coo)

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).

. 1
[P™) = o) @ o) = g (100) +2101) +2[10) + 2]11))
Lol )

98} Unor [97)= - +1 - (100) + z[01) + 2]11) + 2[10))

» after projecting the target qubit to |0>:\

1) = (10) +27{1y)

[y

1+z*



Basic scheme for a nonlinear state transformation

Vo) 1) -
U [0
B . e

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).

: 1

[P™) = o) @ o) = T (100) +2[01) +z[10) + 22 [11))
| l l l )

o= Ugnor [¥")= o (100y + z[01) + z[11) + 2% 10))

|z
» after projecting the target qubit to I(N

) = -(0+2) —  [F@=2]
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lterations of the scheme

» We assume many qubits in the same initial state |() (ensemble)
» We form pairs of them, and apply the scheme = iterate the map
» For higher iterates we need all previous steps to succeed
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o) —] Y1)

o) — —07?
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lterations of the scheme

» We assume many qubits in the same initial state |() (ensemble)
» We form pairs of them, and apply the scheme = iterate the map
» For higher iterates we need all previous steps to succeed

1) [vr2)
o) —
|w0> v 0? v 0?
0 " o :
o) —
’ U
o) — S

7/30



lterations of the scheme

» We assume many qubits in the same initial state |() (ensemble)
» We form pairs of them, and apply the scheme = iterate the map
» For higher iterates we need all previous steps to succeed

1) [vr2)
o) — W)
|w0> v 0? v 0? v 0? 3
0 " o " o '
o) —
’ U
o) — S
1)
o) —
|w0> v 0? v 0?
0 " o :
o) —
’ U
o) — 02
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Iterations of the nonlinear map

Iteration of - on the complex plane:

» |zl < 1 — 0 (fixed point)

» |zl > 1 — oo (fixed point)

» Julia set: |z] = 1 unit circle
» chaotic dynamics

» contains repelling cycles

J. Milnor, Dynamics in One Complex Variable
(Princeton University Press, 2006)
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Iterations of the nonlinear map

Iteration of - on the complex plane:

> |zl < 1 — 0 (fixed point)
» |zl > 1 — oo (fixed point)
» Julia set: |z] = 1 unit circle

» chaotic dynamics
» contains repelling cycles

J. Milnor, Dynamics in One Complex Variable
(Princeton University Press, 2006)

o) Iteration of - on the Bloch sphere:

» if |z] < 1 states converge to |0)

» if |z] > 1 states converge to |1)
» Julia set: equator

» equally separates
regions of convergence
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Iterative nonlinear quantum protocols

== ensemble of qubits - quantum gates - measurement
i all basic components of a universal quantum circuit
= iterate the protocol

iz deterministic
¥ pure quantum states remain pure
== positive Lyapunov exponent

T. Kiss, |. Jex, G. Alber, S. Vymétal, Phys. Rev. A 74, 040301(R) (2006).



An application for quantum state discrimination

PHYSICAL REVIEW A 95, 023828 (2017)

Measurement-induced chaos and quantum state discrimination in an iterated
Tavis-Cummings scheme

Juan Mauricio Torres,"»? Jézsef Zsolt Bernad,! Gernot Alber,! Orsolya Kdlmén,> and Tamds Kiss®
Unstitut fiir Angewandte Physik, Technische Universitdit Darmstadt, D-64289, Germany
2Instituto de Fisica, Benemérita Universidad Auténoma de Puebla, Apdo. Postal J-48, Puebla, Pue. 72570, México
3Institute for Solid State Physics and Optics, Wigner Research Centre, Hungarian Academy of Sciences, P.O. Box 49,
H-1525 Budapest, Hungary
(Received 7 October 2016; published 14 February 2017)

A cavity quantum electrodynamical scenario is proposed for implementing a Schrodinger microscope capable
of amplifying differences between nonorthogonal atomic quantum states. The scheme involves an ensemble of
identically prepared two-level atoms interacting pairwise with a single mode of the radiation field as described
by the Tavis-Cummings model. By repeated measurements of the cavity field and of one atom within each pair
a measurement-induced nonlinear quantum transformation of the relevant atomic states can be realized. The
intricate dynamical properties of this nonlinear quantum transformation, which exhibits measurement-induced
chaos, allow approximate orthogonalization of atomic states by purification after a few iterations of the protocol
and thus the application of the scheme for quantum state discrimination.

DOI: 10.1103/PhysRevA.95.023828
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An application for quantum state discrimination

1 0 0 1
o 0 I 0
» if instead of CNOT, we apply U = 01 1 0
1 0 0 -1
. . 2z
» nonlinear transformation: = f =
1+22

» two superattractive
fixed points: 1 and —1

» Julia set: imaginary axis

Im(z)

-0.2 —0.1

0 0.1 0.2
Re(z)

J. M. Torres, J. Z. Bernad, G. Alber, O. Kalman, and T. Kiss, Phys. Rev. A, 95, 023828 (2017)
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An application for quantum state discrimination

1 0 0 1
o 0 -1 1 0
» if instead of CNOT, we apply U = 01 1 0
1 0 0 -1
. . 2z
» nonlinear transformation: = f =
1+22

» Julia set: longitudinal
great circle through y axis

» equally separates
regions of convergence

J. M. Torres, J. Z. Bernad, G. Alber, O. Kalman, and T. Kiss, Phys. Rev. A, 95, 023828 (2017) .o



An application for quantum state discrimination

1 0 0 1
» if instead of CNOT, we apply U = 8 _11 i 8
1 0 0 -1
» nonlinear transformation: | f = 22
1+272

2

» From highly overlapping to almost orthogonal in only 3 steps

Wy, 0y +0.2]1)
V1 +0.2)2
oy, = 12 =021D
V1 +(0.2)2

Yol Wo)i; = 0.92

(P3| ¥3); = 0.08
0 0.1 0.2
Re(z)

G. Zhu, O. Kalman, K. Wang, L. Xiao, D. Qu, X. Zhan, Z. Bian, T. Kiss, P. Xue, PRA, 100, 052307 (2019)
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Quantum state matching

v

define a reference state: | ef)
define a neighborhood: & = [(¥/| Yret)l
find which f corresponds to it
find implementation of f
» 2-qubit unitary+post-selection

v

v

v

O. Kalman and T. Kiss, Phys. Rev. A 97, 032125 (2018) 1130



Quantum state matching

» define a reference state: |[Jrer)
» define a neighborhood: & = [/ | Yrer)l
» find which f corresponds to it
» find implementation of f
» 2-qubit unitary+post-selection

0)+i11)

V2
£ =09

|wref> =

"N UOI}RIdNT

O. Kalman and T. Kiss, Phys. Rev. A 97, 032125 (2018) 1130



Iterative nonlinear quantum protocols

» Ensemble of qubits in pure state |yy) ~ 10) + z|1) (z€C)

1. Take them pairwise: [¥o) = [Y0)4 ® o) p
2. Apply an entangling two-qubit operation U
3. Measure the state of qubit B— keep A only for result 0

» Smaller ensemble in pure state [;) ~ [0) + f(z) [1)

» Quantum magnification bound: exponential downscaling of the ensemble

0022 +aiz+ax

U =
A v s

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016)
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Historical remarks on complex dynamics

= lterated rational polynomials: f: € — €, fo —2
= One century of complex chaos:
1871 idea of iterated functions by Ernst Schréder
Ueber iterirte Functionen., Math. Ann.
1906 first weird example by P. Fatou: z — z°/(z> + 2)
1920ies G. Julia, S. Lattes, & ...
1970ies Computers help visualize: B. Mandelbrot & ...

== A good book:
J.W. Milnor Dynamics in One Complex Variable, (Vieweg, 2000)
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Iterative dynamics - examples

CNOT gate plus a single qubit gate

cos 6 sin 6 e

U= . _
—sinfe ™ cosf

Family of maps over C:

Z+p

= tan § ¢'¢
1— p*ZZ P

Z = fp(Z) =

p € C parameter of the gate
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Iterative dynamics - Julia sets on the Bloch sphere

(a)0=04,0=1 (b) 6=055¢=1% (c) 0=0.633,p=1%
& e
ﬁi’ﬁa-& 3
- wha o
' ?:‘Zj% wi B ?g}
Fad e L
\ g' EA & d \ v
\ 5 )
y whos 4 N v
ST o
(d)6=1.05¢p=1% (€) #=0.5,0=0.5 (f) 6=10.232,9=0

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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A

Lattes map: / =C

_ 2 +i
f(Z)—l.Zz—

T P

c/zf): & & L LS

O F

Bloch sphere: (O (I) O—2 ... LEENG

A commutative diagram:
» map on the Bloch sphere < x(1 —i)" on the torus
» all initial states are weird
» ergodicity

Lattes, S (1918), Les Comptes rendus de I’Académie des sciences, 166: 26-28
A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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Lattes map: ergodic dynamics

(@) lzI>1 (b) [f@)I>1 © 1/ ?@I>1  (d)IfP@I>1

w2 A
&sl < (ER B¢

@U*@>1  OIS@>1 @It I

M@ g1 et O
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Scheme resulting in an ergodic (Lattés) map

1 (1 i
wegli )
/o)
|0)+z|1)w—) o UL = w=N©+ @)
U
VIHEE ) ot 10)
— ) A fo@ = 5
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Scheme resulting in an ergodic (Lattés) map

1 (1 i
ve=5i 1)
Wo [0Y + z|1) Wo) ? WO UL —> 1) = N(0) + fL(2) 1))
Vo
U
NI CNOT 0 —
SN 74 0 fL(Z):i;:ll

Iterative dynamics of pure initial states

» no attractive fixed cycles
» all pure initial states € Julia set
» every initial state is chaotic

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).

18/30



Scheme resulting in an ergodic (Lattés) map

11
v=g5li )
Wo [0) + z|1) i ? WO Uyl — 1) = N (10) + fL(2) 1))
o
U,
NI CNOT 0 —
SN 74 0 fL(Z):i;:ll

Iterative dynamics of pure initial states

» no attractive fixed cycles
» all pure initial states € Julia set
» every initial state is chaotic

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).

Does noise destroy this property?
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Lattes map with noisy initial states
Dynamics represented by R? — R? functions:

, u—? , 2w 2uy

= V= ——— w = —
1+ w2’ 1+w?’ 1+w?

/

No book by Milnor! :-(

O. Kalman, T. Kiss and I. Jex, J Russ Laser Res 39: 382 (2018)
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Is there an ergodic regime for noisy initial states?

Evolution of slightly perturbed initial states

180

9 iterative steps
ro =0.99, A (6o, @0) ~ 1073, rpin ~ 0.5

D. Qu, O. Kélman, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)
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Optical realization of the ergodic protocol

Second lIteration

. First Iteration,
5° Q H 45°

State Preparation

‘m‘rror\ \QWFO HWP ﬁ \ |
. 0° \‘ 1
, PBS Juo BD - 5 . .

» 2 true steps of the scheme were realized
» down-converted photons from BBO crystal

» initial qubit states are encoded into:

» the polarization degree of freedom and
» the path degree of freedom of photons

D. Qu, O. Kalman, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)
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Optical realization of the ergodic protocol

1F % ¥ ¥ X ¥ X ¥ x 1P % x X X X x x x
e T T
08 08|
0.6 06
r r
0.4 04f
0.2 02
0 0
(15)  (26) (37) (48) (9:13) (10:14) (1115) (12:16) (15)  (26) (7)) (48) (%13) (10:14) (11:15) (12:16)
180 180
160 160
0 140 x  x
120 | 120 o 8 ¥
8 2 2 § z .
100 100
O st R PR 80
60 ¥ % 60 . . 2 5
" X
aw0F 40 a
20 20
0 0
(155)  (26)  (37)  (48) (9:13) (10;14) (1515) (12:16) (155)  (26) (37) (48) (9:13) (10:14) (11;15) (12:16)
350 F 350
300 1 g ¥ 300 -
250 - % # sop % 8 ®
200 200
“as0f “isof
2 ® o x %
100 - 100 | x ¥ e
50 ¥ ¥ 50
0 0
(15)  (26) (37) (48) (9:13) (10:14) (11;15) (12:16) (15)  (26) (37) (48) (%13) (10:14) (11:15) (12:16)

D. Qu, O. Kalman, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)

Initial state number

Initial state number

21
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Scheme with CNOT & Hadamard gate H= %(1 ')

o) =

o)
0) + z|1)
VIR o)

Ucnor

H

—> W) = N(0) + fu(2) 1))

10)

1-72

Sfu(@) = 2
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Scheme with CNOT & Hadamard gate H= %(1 ')

o)

0) + z[1)

2
PR o)
—_—

o) =

Ucnor

WO H — ) =~N00)+ fu@ 1))

2

AL fu@) =

%

1-—
1+ 22

lterative dynamics (pure initial states)

» attractive length-2 cycle:
™) =10) (z=0)
7

oy = 041D

=1
v e

» border: [Julia set
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CNOT + Hadamard gate: phase transition

Noisy (mixed) initial states:

pip':UH pOp T
Trpop) H#

U—Ll 1 _11+w u—iv
H_\/zl -1)’ p_2u+iv 1-w

where

23/30



Noisy initial states (Hadamard case)

2

o_ L(l+wu—iv\ Mu oy 1(T+w u' =
T2\u+ivli-w P=a\w+iv 1-w

2 _ .2
, 2w ,  —2uv , U —v

Uw=——, Vv=——m  w-=
1+ w? 1+w? 1+ w?

> (u,0,w) invariant plane inside the Bloch sphere

1 L
Fixed cycles of My Purity
05} Co 05
w 0 1 N
c o 1 R
0.5 1 & [
e ) o 0.648 > 0.544
—1F .

u 24/30



Fractal dimension D,. as a function of purity P

2

zp
P=0.75 P =0.87

- T - - - -
i

16 ! B
! L
I

151 | g

Dpc

P. = purity of -

ITTI_IT 4

L L L L

i
i
i
i
i
i
i
i
12 i 1
i
i
i
i
i
i
|
i

0.9 L L
0.75 P 0.8 0.85 0.9 0.95 1

P

M. Malachov, I. Jex, O. Kalman, T. Kiss, Chaos 29, 033107 (2019).
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Nonlinear (Hadamard) protocols of order n > 2

: [}
P —D @—0?
P — [ Ao

p & #}-o

=
D
>

n

1 -
> Map of the pure case: f,(z) = 1+ ;

» Map for noisy states:

T +w) = =-w) S 2Im [(u + iv)"] ,  2Re[(u+i)"]
T w A d=-w T T arw v d=w Y T U rw (A —w)

’

A. Portik, O. Kalman, I. Jex, T. Kiss, Phys. Lett. A 431, 127999 (2022). 26730



Nonlinear (Hadamard) protocols of order n > 2

2-

167  d=1536 T

,_.
hd
=0.795__
=

H
L
. P=

a

1.7+ n=5
161

15+
14+
1.3+
1.2+
11+

0.

0.65

Reo(z)
A. Portik, O. Kalman, I. Jex, T. Kiss, Phys. Lett. A 431, 127999 (2022).
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LOCC scheme with 2 qubits

V) @
0
) &

E_‘

. ?

H

[¥)

) = c1100) + c2|01) + ¢3]10) + c4|11)

W'y = Un ® U [N(cF100) + c3101) + c3/10) + c3[11))]
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2 qubits: chaotic entanglement

Asymptotic states

Green: Fully entangled:

Im(r)

@y = L 100y + 111
") \/5(' )+ [11))

Blue: Completely separable, T
oscillatory: Re()

1
) — {I00>, 5 (10 + 1)) @ (10) + I1>)}

Im(r)

T. Kiss, S. Vymétal, L. D. Téth, A. Gabris,
I. Jex, G. Alber, PRL 107, 100501 (2011)

1.4
1411 1.533 1.655 1777

Re(n) 29/30



Outlook

» Nonlinear protocols may be used for benchmarking QCs

» First implementation of a nonlinear protocol (Lattés) for benchmarking

by Andras Gilyén et al.
A. Cornelissen, J. Bausch, and A. Gilyén, arXiv:2104.10698 (2021)
» Matching an unknown qubit state to a reference qubit state

> original scheme: O. Kalman and T. Kiss, Phys. Rev. A 97, 032125 (2018)

» Concentration & distillation of Bell pairs
» Networks: e. g. GHZ states

NATIONAL
RESEARCH, DEVELOPMENT
AND INNOVATION OFFICE

Quantum Information
C National Laboratory
HUNGARY
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