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Quantum theory: linear or nonlinear?
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1., Closed systems - unitary operators - linear evolution

2., Quantum channels - completely positive maps - linear evolution

If quantum states evolved nonlinearly

I then hard problems (NP complete)
would be easily solved (in polynomial time)

D. S. Abrams and S. Lloyd, Phys. Rev. Lett. 81, 3992 (1998)

I quick discrimination of nonorthogonal states - generic feature
A. M. Childs and J. Young, Phys. Rev. A, 93, 022314 (2016)

I BEC + nonlinear quantum walks
D. A. Meyer and T. G. Wong, New J. Phys. 15, 063014 (2013)

A. Alberti and S. Wimberger, Phys. Rev. A 96, 023620 (2017)

M. Maeda, H. Sasaki, E. Segawa, et al. Quantum. Inf. Process. 17, 215 (2018)



Effective nonlinearity in quantum theory
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Nonlinear transformations by selective evolution
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3., Measurements

X projection (von Neumann)

X probabilistic (Born)

X information gained

Z information feed-back, post-selection

E breaking linearity E



Quest for the most general quantum evolution

Linear maps

I Rules of standard, non-relativistic quantum mechanics
I Ancilla systems
I Many identical copies: ensemble
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Quest for the most general quantum evolution

Ancilla from the same ensemble

I Operation on n identical systems
— larger Hilbert space

I Measurement + post-selection on n − 1 systems
I Nonlinear evolution for the remaining system

— same Hilbert space
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Ancilla from the same ensemble

I Operation on n identical systems
— larger Hilbert space

I Measurement + post-selection on n − 1 systems
I Nonlinear evolution for the remaining system

— same Hilbert space

The resulting nonlinear map can be

I Deterministic
I Pure states→ pure states
I Complex, deterministic chaos may emerge

T. Kiss, I. Jex, G. Alber, S. Vymětal, Phys. Rev. A 74, 040301(R) (2006).
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Quest for the most general quantum evolution

The resulting nonlinear map can be

I Deterministic
I Pure states→ pure states
I Complex, deterministic chaos may emerge

T. Kiss, I. Jex, G. Alber, S. Vymětal, Phys. Rev. A 74, 040301(R) (2006).

Possibilities to explore

1. Pure or mixed initial states

2. Closed or open evolution

3. dimH = 2, 3, 4, . . . ,∞
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Preliminaries
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I General single-qubit pure state:
|ψ〉 = N (a |0〉 + b |1〉) where a, b ∈ C, N = 1/

√
|a|2 + |b|2

I One can also write:

|ψ〉 = N a
(
|0〉 +

b
a
|1〉

)
=

1√
1 + |z|2

(|0〉 + z |1〉) where z ∈ C∞ = C ∪∞

up to a global phase

I Visualization on complex plane↔ Bloch sphere (Riemann sphere)
|0〉

|1〉

0 z1

∣∣∣ψz1

〉

∣∣∣ψz2

〉
z2

C
stereographic projection
of the Bloch sphere onto
the complex plane



Basic scheme for a nonlinear state transformation
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|ψ0〉

|ψ0〉
UCNOT

|ψ1〉

|0〉
0

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).
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(
|0〉 + z2 |1〉

)
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|ψ0〉

|ψ0〉
UCNOT

|ψ1〉

|0〉
0

H. Bechmann-Pasquinucci, B. Huttner, & N. Gisin Phys. Lett. A 242, 198 (1998).∣∣∣Ψ in
〉

= |ψ0〉 ⊗ |ψ0〉 =
1

1 + |z|2
(
|00〉 + z |01〉 + z |10〉 + z2 |11〉

)
∣∣∣Ψ out

〉
=UCNOT

∣∣∣Ψ in
〉
=

1
1 + |z|2

(
|00〉 + z |01〉 + z |11〉 + z2 |10〉

)↓ ↓ ↓ ↓

I after projecting the target qubit to |0〉:

|ψ1〉 =
1√

1 + |z|4

(
|0〉 + z2 |1〉

)
−→ f (z) = z2

|ψ1〉 =
|0〉 + z2 |1〉√

1 + |z|4
|ψ0〉 =

|0〉 + z |1〉√
1 + |z|2

(z ∈ C∞)



Iterations of the scheme
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I We assume many qubits in the same initial state |ψ0〉 (ensemble)
I We form pairs of them, and apply the scheme⇒ iterate the map
I For higher iterates we need all previous steps to succeed
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I We assume many qubits in the same initial state |ψ0〉 (ensemble)
I We form pairs of them, and apply the scheme⇒ iterate the map
I For higher iterates we need all previous steps to succeed

|ψ0〉

|ψ0〉
U

|ψ1〉

0?

|ψ0〉

|ψ0〉
U

|ψ1〉

0?

|ψ0〉

|ψ0〉
U

|ψ1〉

0?

|ψ0〉

|ψ0〉
U

|ψ1〉

0?

U
|ψ2〉

0?

U

|ψ2〉

0?

U
|ψ3〉

0?



Iterations of the nonlinear map
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−2 −1 0 1 2
Re(z)

−2

−1

0

1

2

Im
(z
)

Iteration of f (z) = z2 on the complex plane:
I |z| < 1→ 0 (fixed point)
I |z| > 1→ ∞ (fixed point)
I Julia set: |z| = 1 unit circle

I chaotic dynamics
I contains repelling cycles

J. Milnor, Dynamics in One Complex Variable
(Princeton University Press, 2006)
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Iteration of f (z) = z2 on the complex plane:
I |z| < 1→ 0 (fixed point)
I |z| > 1→ ∞ (fixed point)
I Julia set: |z| = 1 unit circle

I chaotic dynamics
I contains repelling cycles

J. Milnor, Dynamics in One Complex Variable
(Princeton University Press, 2006)

|1〉

|0〉 Iteration of f (z) = z2 on the Bloch sphere:
I if |z| < 1 states converge to |0〉
I if |z| > 1 states converge to |1〉
I Julia set: equator

I equally separates
regions of convergence



Iterative nonlinear quantum protocols

Z ensemble of qubits - quantum gates - measurement

Z all basic components of a universal quantum circuit

Z iterate the protocol

Complex chaos

Z deterministic

Z pure quantum states remain pure

Z positive Lyapunov exponent

T. Kiss, I. Jex, G. Alber, S. Vymětal, Phys. Rev. A 74, 040301(R) (2006).
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An application for quantum state discrimination

PHYSICAL REVIEW A 95, 023828 (2017)

Measurement-induced chaos and quantum state discrimination in an iterated
Tavis-Cummings scheme
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(Received 7 October 2016; published 14 February 2017)

A cavity quantum electrodynamical scenario is proposed for implementing a Schrödinger microscope capable
of amplifying differences between nonorthogonal atomic quantum states. The scheme involves an ensemble of
identically prepared two-level atoms interacting pairwise with a single mode of the radiation field as described
by the Tavis-Cummings model. By repeated measurements of the cavity field and of one atom within each pair
a measurement-induced nonlinear quantum transformation of the relevant atomic states can be realized. The
intricate dynamical properties of this nonlinear quantum transformation, which exhibits measurement-induced
chaos, allow approximate orthogonalization of atomic states by purification after a few iterations of the protocol
and thus the application of the scheme for quantum state discrimination.

DOI: 10.1103/PhysRevA.95.023828

I. INTRODUCTION

Consistent with the no-cloning theorem, nonorthogonal
quantum states cannot be distinguished perfectly. However,
for purposes of quantum communication, for example, it is
necessary to be able to distinguish between two information-
carrying quantum states even if they have become nonorthog-
onal after passing through a channel. Therefore, quantum
processes capable of distinguishing between nonorthogonal
quantum states in an optimal way offer interesting perspectives
for applications in quantum information science. Prominent
examples of such processes are the Helstrom measurement [1],
which minimizes errors, and the Ivanovic-Dieks-Peres mea-
surement [2–4], which distinguishes pure quantum states in an
unambiguous way.

Alternatively, nonorthogonal quantum states can also be
distinguished with the help of nonlinear quantum state trans-
formations [5]. Quantum state purification protocols [6–10]
are early examples of such nonlinear quantum state trans-
formations. Thereby, identically prepared quantum systems
are subjected to an entangling unitary transformation and a
subsequent selective measurement performed on parts of the
system. Iterating these operations typically results in a strong
dependence of the final state on the initial conditions and in
measurement-induced complex chaos [11,12]. Recently, it has
been demonstrated [13] that the resulting strong sensitivity
to initial conditions can, in principle, be used to amplify
small initial differences of quantum states, thus realizing a
Schrödinger microscope, a term originally suggested by Lloyd
and Slotine [14], capable of distinguishing nonorthogonal
quantum states. Although Helstrom and Ivanov-Dieks-Peres
measurements have already been realized experimentally both
optically [15,16] and in the solid state [17], a Schrödinger
microscope based on nonlinear quantum state transformations
has not yet been realized.

Motivated by these developments the purpose of this paper
is twofold, namely, to propose an experimental scenario
in which iterated nonlinear dynamics can be realized with

atomic qubits and to explore the characteristic features of the
underlying nonlinear quantum state transformation in order
to present a Schrödinger microscope and to demonstrate its
applicability for quantum state discrimination. In view of
its possibilities to measure and control the interaction of
individual atoms with a single mode of the quantized radiation
field with high precision, the area of cavity quantum electrody-
namics offers interesting perspectives for future experimental
implementations in this direction [18,19]. Inspired by recent
experimental advances which realize the Tavis-Cummings
model [19], in our proposal an ensemble of identically prepared
two-level atoms (qubits) which interact pairwise with a single
mode of the radiation field is considered. Afterwards, one
member of each pair and the corresponding cavity field are
measured. Conditioned on these measurement results, the
unmeasured atoms are kept or discarded. In practice, this may
be implemented with the help of a single cavity and a pair
of optical conveyor belts [18], for example. Subsequently, the
atoms are moved through the cavity by the conveyor belts
in such a way that only one pair of atoms interacts with the
cavity mode at a time, and then the cavity is reinitialized after
each interaction. The remaining atoms form a new identically
prepared ensemble of smaller size. Like in entanglement
distillation protocols, the state changes of the remaining
two-level atoms are described by an iterated nonlinear quantum
transformation.

We analyze the emerging nonlinear quantum state transfor-
mation and show that it exhibits measurement-induced com-
plex chaos. We characterize the different parameter regimes,
the possible stable fixed points and fixed cycles of the dynam-
ics, and the regions of convergence as well as nonconverging
sets of initial states, forming the so-called Julia set. Based
on this analysis we identify a case where the two stable fixed
points correspond to orthogonal quantum states of the atom and
the Julia set forms a line, separating the two regions of stability.
Here the system can be utilized as a Schrödinger microscope
capable of amplifying the distinguishability of nonorthogonal

2469-9926/2017/95(2)/023828(9) 023828-1 ©2017 American Physical Society

10 / 30



An application for quantum state discrimination
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I if instead of CNOT, we apply U =


1 0 0 1
0 −1 1 0
0 1 1 0
1 0 0 −1


I nonlinear transformation: f =

2z
1 + z2

−0.2 −0.1 0 0.1 0.2
Re(z)

−2

−1

0

1

2

Im
(z
)

I two superattractive
fixed points: 1 and −1

I Julia set: imaginary axis

J. M. Torres, J. Z. Bernád, G. Alber, O. Kálmán, and T. Kiss, Phys. Rev. A, 95, 023828 (2017)
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2
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I Julia set: longitudinal
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I equally separates
regions of convergence

J. M. Torres, J. Z. Bernád, G. Alber, O. Kálmán, and T. Kiss, Phys. Rev. A, 95, 023828 (2017)
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I if instead of CNOT, we apply U =


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
I nonlinear transformation: f =

2z
1 + z2

I From highly overlapping to almost orthogonal in only 3 steps

Re(z)

Im
(z
)

|Ψ0〉I =
|0〉 + 0.2 |1〉√

1 + (0.2)2

|Ψ0〉II =
|0〉 − 0.2 |1〉√

1 + (0.2)2

I〈Ψ0 | Ψ0〉II ≈ 0.92

I〈Ψ3 | Ψ3〉II ≈ 0.08

G. Zhu, O. Kálmán, K. Wang, L. Xiao, D. Qu, X. Zhan, Z. Bian, T. Kiss, P. Xue, PRA, 100, 052307 (2019)



Quantum state matching
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|ψref〉

|ψ⊥
ref〉

I define a reference state: |ψref〉

I define a neighborhood: ε = |〈ψ | ψref〉|

I find which f corresponds to it
I find implementation of f

I 2-qubit unitary+post-selection

O. Kálmán and T. Kiss, Phys. Rev. A 97, 032125 (2018)
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|0〉+i|1〉√
2

|0〉−i|1〉√
2

|0〉

|1〉 −2 −1 0 1 2
Re(z)

0

1

2

3

4

Im
(z
)

0

2

4

6

8

10

12

J

iteration
N
o.

|ψref〉 =
|0〉+i |1〉
√

2
ε2 = 0.9

O. Kálmán and T. Kiss, Phys. Rev. A 97, 032125 (2018)



Iterative nonlinear quantum protocols

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016)
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I Ensemble of qubits in pure state |ψ0〉 ∼ |0〉 + z |1〉 (z ∈ C)

1. Take them pairwise: |Ψ0〉 = |ψ0〉A ⊗ |ψ0〉B
2. Apply an entangling two-qubit operation U
3. Measure the state of qubit B — keep A only for result 0

I Smaller ensemble in pure state |ψ1〉 ∼ |0〉 + f (z) |1〉

I Quantum magnification bound: exponential downscaling of the ensemble

U ↔ f (z) =
a0z2 + a1z + a2

b0z2 + b1z + b2



Historical remarks on complex dynamics

Z Iterated rational polynomials: f : Ĉ→ Ĉ , f ◦n →?

Z One century of complex chaos:
1871 idea of iterated functions by Ernst Schröder

Ueber iterirte Functionen., Math. Ann.

1906 first weird example by P. Fatou: z 7→ z2/(z2 + 2)
1920ies G. Julia, S. Lattès, & . . .
1970ies Computers help visualize: B. Mandelbrot & . . .

Z A good book:
J.W. Milnor Dynamics in One Complex Variable, (Vieweg, 2000)
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Iterative dynamics - examples

CNOT gate plus a single qubit gate

U =

(
cos θ sin θ eiϕ

− sin θ e−iϕ cos θ

)

Family of maps over C∞:

z 7→ fp(z) =
z2 + p

1 − p∗z2 p = tan θ eiϕ

p ∈ C parameter of the gate

14 / 30



Iterative dynamics - Julia sets on the Bloch sphere

(a) θ = 0.4, ϕ = π
2 (b) θ = 0.55, ϕ = π

2 (c) θ = 0.633, ϕ= π
2

(d) θ = 1.05, ϕ = π
2 (e) θ=0.5, ϕ=0.5 (f) θ= 0.232, ϕ= 0

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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Lattès map: J = Ĉ

f (z) =
z2 + i

iz2 + 1
, p = i

C/Z[i] : · · ·

Bloch sphere : © © · · · ©

·(1−i)

℘

·(1−i)

℘

·(1−i)

℘ ℘

Φ Φ Φ

A commutative diagram:
I map on the Bloch sphere↔ ×(1 − i)n on the torus
I all initial states are weird
I ergodicity

Lattès, S (1918), Les Comptes rendus de l’Académie des sciences, 166: 26-28

A. Gilyén, T. Kiss and I. Jex, Sci. Rep. 6, 20076 (2016).
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Lattès map: ergodic dynamics

(a) |z|>1 (b) | f (z)|>1 (c) | f ◦2(z)|>1 (d) | f ◦3(z)|>1

(e) | f ◦4(z)|>1 (f) | f ◦5(z)|>1 (g) | f ◦6(z)|>1 (h) | f ◦7(z)|>1

(i) | f ◦8(z)|>1 (j) | f ◦9(z)|>1 (k)| f ◦10(z)|>1 (l) | f ◦11(z)|>1
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Scheme resulting in an ergodic (Lattès) map
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|ψ0〉

|ψ0〉
UCNOT

UL

|0〉
0

UL =
1
√

2

(
1 i
i 1

)

|ψ0〉 =
|0〉 + z |1〉√

1 + |z|2

|ψ1〉 = N (|0〉 + fL(z) |1〉)

fL(z) =
z2 + i

iz2 + 1
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I no attractive fixed cycles
I all pure initial states ∈ Julia set
I every initial state is chaotic
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Does noise destroy this property?



Lattès map with noisy initial states

O. Kálmán, T. Kiss and I. Jex, J Russ Laser Res 39: 382 (2018)
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Dynamics represented by R3 → R3 functions:

u′ =
u2 − v2

1 + w2 , v′ =
2w

1 + w2 , w′ = −
2uv

1 + w2

No book by Milnor! :-(

Asymptotics: all mixed initial states→ completely mixed state



Is there an ergodic regime for noisy initial states?
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Evolution of slightly perturbed initial states

θ

ϕ

0 90 180 270 360

0

90

180

9 iterative steps
r0 = 0.99, ∆ (θ0, ϕ0) ∼ 10−3, rmin ∼ 0.5

D. Qu, O. Kálmán, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)



Optical realization of the ergodic protocol
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photon1

photon2

U

D

U

D

output

I 2 true steps of the scheme were realized
I down-converted photons from BBO crystal
I initial qubit states are encoded into:

I the polarization degree of freedom and
I the path degree of freedom of photons

D. Qu, O. Kálmán, G. Zhu, L. Xiao, K. Wang, T. Kiss, and P. Xue, New J Phys. 23 083008 (2021)
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Scheme with CNOT & Hadamard gate
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H =
1
√
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(
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|ψ0〉

|ψ0〉
UCNOT

H

|0〉
0|ψ0〉 =

|0〉 + z |1〉√
1 + |z|2

|ψ1〉 = N (|0〉 + fH(z) |1〉)

fH(z) =
1 − z2

1 + z2

Iterative dynamics (pure initial states)
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2 I attractive length-2 cycle:∣∣∣ψ(1)
〉
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√

2
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Re(z)

Im(z)

I border: Julia set



CNOT + Hadamard gate: phase transition
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Noisy (mixed) initial states:

ρ
M
−→ ρ′ = UH

ρ � ρ

Tr(ρ � ρ)
U†H

where
UH =

1
√

2

(
1 1
1 −1

)
, ρ =

1
2

(
1 + w u − iv
u + iv 1 − w

)

Purity: P = Tr(ρ2) = (1 + u2 + v2 + w2)/2 ≤ 1



Noisy initial states (Hadamard case)
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ρ(0)=
1
2

(
1 + w u − iv
u + iv 1 − w

)
MH
−−−→ ρ(1)=

1
2

(
1 + w′ u′ − iv′

u′ + iv′ 1 − w′

)

u′ =
2w

1 + w2 , v′ =
−2uv

1 + w2 , w′ =
u2 − v2

1 + w2

I (u, 0,w) invariant plane inside the Bloch sphere

(a)

u

w

0 0.5 1−0.5−1

−1

−0.5

0

0.5

1

C0

C1

C2

C
(1)
3

C
(2)
3

C
(1)
4

C
(2)
4

Fixed cycles ofMH Purity
C0 0.5

C1 0.769

C2 1

C(1)
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4 0.648↔ 0.544



Fractal dimension Dbc as a function of purity P
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(d)
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M. Malachov, I. Jex, O. Kálmán, T. Kiss, Chaos 29, 033107 (2019).



Nonlinear (Hadamard) protocols of order n > 2
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ρ

ρ

ρ

ρ

ρ

ρ′

0 ?

0 ?

0 ?

0 ?

I Map of the pure case: fn(z) =
1 − zn

1 + zn

I Map for noisy states:

u′ =
(1 + w)n − (1 − w)n

(1 + w)n + (1 − w)n , v′ = −
2Im

[
(u + iv)n]

(1 + w)n + (1 − w)n , w′ =
2Re

[
(u + iv)n]

(1 + w)n + (1 − w)n

A. Portik, O. Kálmán, I. Jex, T. Kiss, Phys. Lett. A 431, 127999 (2022).



Nonlinear (Hadamard) protocols of order n > 2
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A. Portik, O. Kálmán, I. Jex, T. Kiss, Phys. Lett. A 431, 127999 (2022).



LOCC scheme with 2 qubits

A
B

A′

|ψ〉

H

H

|ψ〉 |ψ′〉0
?

0
?

|ψ〉 = c1|00〉 + c2|01〉 + c3|10〉 + c4|11〉

|ψ′〉 = UH ⊗ UH
[
N(c2

1|00〉 + c2
2|01〉 + c2

3|10〉 + c2
4|11〉)

]
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2 qubits: chaotic entanglement

Asymptotic states

Green: Fully entangled:

|ψ(∞)〉 =
1
√

2
(|00〉 + |11〉)

Blue: Completely separable,
oscillatory:

|ψ(∞)〉 →

{
|00〉 ,

1
2

(|0〉 + |1〉) ⊗ (|0〉 + |1〉)
}

T. Kiss, S. Vymětal, L. D. Tóth, A. Gábris,

I. Jex, G. Alber, PRL 107, 100501 (2011)

3.6. DYNAMICS FOR TWO QUBITS, NON SEPARABLE, PURE STATES87

Figure 3.12: Figure represents sensitivity of the purification either to con-

verge to attracting maximally entangled Bell state |Φ00〉 - blue color, or to

supper attracting separable cycle C =
(
|00〉, 1

2
(|0〉 + |1〉) ⊗ (|0〉 + |1〉)

)
- green

color. Fine structure of the area of convergence to the Bell state |Φ00〉 is in

coincidence with the pattern of the Julia set (??).
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Outlook
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I Nonlinear protocols may be used for benchmarking QCs
I First implementation of a nonlinear protocol (Lattès) for benchmarking

by András Gilyén et al.
A. Cornelissen, J. Bausch, and A. Gilyén, arXiv:2104.10698 (2021)

I Matching an unknown qubit state to a reference qubit state
I original scheme: O. Kálmán and T. Kiss, Phys. Rev. A 97, 032125 (2018)

I Concentration & distillation of Bell pairs
I Networks: e. g. GHZ states


